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II, State the Factoxr Th-orea

ITI. Civen & polynomicl fimcilon Getermino

A+ The degroo of the polynounial

B. Tho nunber of tcrms of the polynonial ;
C. The volue of the function for a given domain eloment.
D, Its prime factors

E, The domedn clements x such that P/x; 2 0
F, Tho domzin elcncnts x such that P(x) < 0
G, Thc zcros of the function :
Hs Tho domcin of the function

I, The ranze of the function

J. The graph of tho function
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SECTYON T ' THE_POLYNOHIAL FUNCTION

NS FUNDALRGTAL THEOREH OF ALGERRA 24

Hypotheulss Adgobra 2 studentis GEOVE"

functions ard have boon Imown to
porforn well with thom.- 4

Conclusiont Algebra 2 students will LOVE Polyncnial Functions and vwill
show tholr geniusc at work in the cxan.

Dcfinitions A tcrm in a mathematical cxprosaion, is & musher or a lottor standing
alono, or soveral voriatles c.nd/o:c oconstants joinod only by signs of

nultiplication or divlslon,
Exanplost 3, &8, 2%, 3>c3y, 2x/y

Definitiont 4 polynorisl is an- expruéx:ion oonslsting of ono or moxrc torms whexro the
torms aro mubors cxr \'ariablo_s,o: products of mwzbers and varinbles,

Somo polynonials havo spocial namnosii.oees

A. L polynocnial with one teras 2xy (nonamisl)

3, A polynonicl with two tormss 2x + by  (binomial)

C. A polyronial with threo tomst 2x° + bx + 7 (trinoninl)

—~
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anint‘ fon: Tho lC'g oo of & torm ia tho sum of tho exponents of tho variables
~ Examplos: Torns 10*.’.2}' Dogrres 3 ; _
Terms szuyz 2 Dogroes 7 I

A polynonial function of x consists of multiplos of -powers of x, wholo-numboi'
powers piving torme that arc usually 3: sted in desconding povors of X,
Poly-cousa from ¢ Greock wort meening ' 'many”, and o polynomial 1s litoz:ally an
cxprezsion of "mony teras,” At timos this may be en exaggerction, Lctually,

o mononial, a binomial, and e trivomial gcsotinen fit 4nto! the classification
of poiyno::\.als. : '

.

Definiticiit 'S polmomu ﬁm..lon of degme n, is a function of the formt

o - n=l n-2
f(A) apx +.o % -lxnzx +...+a.1x + 2,

B s e R

-

WheTet &y & 15 B or o b 8'1’ and &, are constants and an# 0

nise positive integer. :

-

Dofmﬁt* ons Tho desree of a pclynomial function is Jus‘b the highest oxponont
appcaring.

Exanplet  f£(x) = 6x7,+ 5x5 + 99(3 + 3x2 + 4x + 8

The degree of the polynomial .is 7 _ ¢
oy = 6;. eg=9; 85" 5i 8, = 01 854 98, ~ 31 &y = Hk; and 8 -8

~

Fotet The lowest poseiblo degree of o pvlynOIial 45 0, FRExanplet £(x) =3, #
Tho polynonial function with degree 0issa constant function,
L polynoaial function with degroe 1 is a lineex functiont
£(x) = By + 8,
A polynmml ﬁmc‘ion with degreo 2 1s 2 qwmdi‘atio functions
f(x)"ax +a.1x+ao :

Tho donain of o '.p'olynomia.l function is 21l Teel nunbers.

¥o chell show later that the ranme of o polynonial function is
1) 411 reals if tho degree of the polynominl is odd,
 2) Mot 211 rcals Af tho degreo of the polynonial is even.

#The function £(:) * 0 45 a constant funciion. It is acturlly o polynomial
and eallod n polynorial with no degroo, sinco it doos not xwally fit tho dofinition. —

:(\0:%, ao#D 1 A POLY NOMIRL FUMNLT/iON OF DLGREE 2LRO.



EXERCISE 1

A, Detornine tho degres of cach of the following expressionsi

T, 2Py ~ 2. 20y’

o 9w

3. 10

L, XZyZzZ

B. "Datcrmine the degroe of each of tho folloaing polynomia.l mnotional
. P(x)-2+3x+lu + ox?

1, B(x) = 2 + 7% + 10
3, Plx) = 77 + 2x + 1

uo P(X) ': 9

cf Hrite tho géneral polynomial function of degz'waet

3% _’b 2. 6 3¢ X

k. 3

5 P(x) = 0

5. 2

D. Which polynomial functions in C have a rango of all reals? '

SECTION TX .+~ EVALUATION OF P(x) FOR A GIVEN x

The domzin of o polynomial function is the set of all real mummbers, It is Trather
& sinple task to evaluate a polynonial function for a given domain element...
although 1t 1s somctines tedious. Study the following cxamploss

Ewxaple 11 P(x) = X - Sx% + 2hx -
Evaluato P(2)
B(2) = 22 - 9(2)% + 21
=8 ~36+ 48 ~-20
i ,
Exanplo 23 P(r)-x +x0 - %2 +9
Evaluato P(3)
2(J2) = () + (12)3 -
T m be2Vz -2+
a1 +2Y2

20
2) + }éo
P

(2)% + 9
g

EXERCISE 2 Evaluate cach of tho followings
Ao B(x) =20 = 3%+ 2x =13 1, B(2) =

B, P(x) = 5::3 -nf 2= 5 1. B(2) =

G, B(x) w 3x' - 60 - 2% 4 x = 8
D, P(x) = x° = 2x7 + lix = 2 -

1, 2(3) -
1, P(=2) =

2.
2.
2,
2,

A;(O)"’ :
B(-1) =
P(.1) =
P(0) =
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Jonsidor tho pdlynomial function P(x) = < - 3x2 -x+3
This particular function is ralatively oosy to gzaph. First factor the polynomiel,

P(x) = = 3% - x + 3
- x%(x = 3) - (x - 3)
- (x-3)(x*-1)
P(x) = (x = 3)(x + 1)(x -~ 1)

Onco the polynonrial is factorod it yecilds itself to easy point location.

‘Notico, when x = 3, 1, ox -1, tho value of P(x) is 0, Thua we have three ordered
pairs of tho graphs (3,0), (1,0), and (-1,0), By lotting x = nuabers such as

~2; 3, 2, and 4, pdditional points on the curve may be obtalned.

—

—1, 1, and 3,‘fo: the above polynomial are called zervs of tho polynomial.

,Dcftnit*ont A zcro of a function I, is 2 nunbo; ¢ in the domain of f such that
1 () = 0.

Not all polynoniels cooéorate as does the example, and factor so readily,

However, wo can schome a bit and got around some situations,
Ly

Consider the polynominls P(x) = x  + a3x3 + azxz + a)x + o4, (1)
Suppose thore 15 a binomial fector x - c.

Thons P(x) = (x = ¢)( 2 Foue it aO/C) (2)
Rotico in (2) P(c) = 0. Conscquently 2lso in (1), P(c) = 0,
To achicvo intogrmal ooofficicnts. notico zlso that ¢ must divide ao

2bovoe hanky-panky is an attomp{fto soncvhat justify tho Factor Theoren
vhich is gollantly ddsplaycd on the paxt mgo.
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‘hp Frotsr Thoorgat For a Tolymenicl funotion, P(x), P(x) 1s divisidlo by {x - o)
if ond onmly if P(c) cquals zoro.

Ccf..._,mcr the polynomial P(x) = x3 - 9x2 + 24x - 20

Tho factors of P(x) aro not imnediatoly apparont, lonco, wo look for £ number
¢ such that P(c) = 0, Rocall also, ¢ should be a fector of 20,
Thc nunders to try are + 1, #2, +4, + 5, + 10, and + 20,

Inncdintely, in this case, wo roject tho negatives bocauso tho valuo of tho
polynomial would bo negativo and never zaro,

 Bo cronki. . .P(l) = 1 - 9+ 24 - 20 -= 4  Rojoct
P(2)=8-36+43 -20=0 ¥hat is this? Victory a.lready.
Now dividos ; . x2 = /X ¥ 10 : ; .
iy Wi
Wi x3 2x

- 7~ + 2hx

- 72x° + 1lhx

10x - 20
10x - 20

N

+ 24x - 20

NNN

1
‘

Rip up the quoticnt: Fortunately, the quetient casily factors to (x ~ 5)(x,- 2)

.4 Bonco, T(x) = (x;‘zl_z.(x:_.ﬁ..--.-.f.Thc»-zeros-of the function are 2 and 5,

1

“AYATPLE 21 B(x) = X0 - 1057 + 29x - 2% _
T e i By chceking the dgivisors of 24, ncticc that P(3) = 0.
' Thon éivide P(x) by % =.3, Tho quotient is x - e+ B,
The quotient is not casily factored, but the quadratic formuls can
bo used and wo dotornino that the zoros aret

~--- *‘r— and l———l—"éﬁd
_2+\17 1-\/'1—7';
’ . 2 ? 2

. Hence, fho zoros of P(x) aros 33

’

ROTEs If, when using tho quadratic formula, tho roots ars imaginary, do not
list thoso inaginary nunbors as zcree of tho function, We aro worldng only
ovor tho domain of rosl numbers,



EXTRCISE 3 Find tho gorod £6r cach cf the following polyncminls

1, P(x) % 3 ¥ 10x2 + 29x + 20

B M e P 0l sl 1B

50 P(x) = X = 27% + 10

2 P(x)--x'3 4x? +x+ 6
9 P(x) =P+ &+ 20x + 6
1., P(x) "x4~16

® 0 -

2y P(x) = %0 ~ 12¢°+ 29x - 18
P(x) = X ~ 6x° + 11x - §

L,

6.
8.
10,
12,

P(x) = x* = 100 + 350 -50x+21}

I’(Jc)-»x3 6x2+llx 6
P(x) ~‘x3+7x + 7x - 15

P(x) . xh

- 8x

Y

SPCTION IV

Polyncniel ﬁmctions grarh as smooth, continuous curves. A computer can whiz cut

GRAPRING POLYKCHTALS

nillions of valucs for the Y coerdinates if given millio'ls cf values for x in ;just

a natter of scconds,
do a good jub of

points,
Exenple 11

—_

R = v 2)% 2 - 9)

The zeres aro 2 and 5,

‘ P(xx 5'5(3‘ - 9x2 + 24x - 20

It tekes the man on tho streot 2
approximating the curve by simply taking care of a few ;:ritical

Plot then,

1little 1on gor.

Nou pick an x valuc to the right of S; t.c.t 6, P(6) = > 16

Pick a point niciay detween 2 and 5; 4,044 33 . P(3z) “;;Z :

Pick & point to tho left of 2; '1.0.3 s

Flot tho ordered peirs: (6,16); (3% ‘-—z)x (1, —4)

Counoct ell points with a smooth curve,

4
t

+

L e Tanec 2

4
5 v

Donmsint 411 roais
Rangot A2 xcalls

But, we can

[<
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EXAMFLE 21 P(x) = x = 10x“ + 9
i - (% - 9)(x% - 1)

N R = (e ) 30+ 1)(x - 2)
i P(4) = 7+ 15 =105
, : P(-4) = 105

i - P(42) = =5 ¢+ 3 = -15

ik : ?(0) = .0 {..l- 9

BY OBSFRVIIG TEE GLATi KOTICT: P(x) > 0 for x &«=3 or =1<x<1
' ' or x > 3,
- P(x) € 0 for -3<¢x<=-1 or 1<x<3
. Domadns ATl reals, .

.o I.‘.c;::;;ds'f yiy> -153. (Actually, 1t takos caleulus to really detormine the
' . tho rrazc of thio fucntions =15 uill dc for *'1on.)

__AXAVFLE 3t Deternine the Zoros of P\x) and tho values of x for which (a) P(x)> O'
' and (b) P(x) < 0, Do this without graphing the function,

, P(x)'" sox(x + 4)(x - 3)(x + 1)
(1) Fron observing the factors, the zcros ares 0 4, 3, e.na <1

(2) U~£Lnb a scheratic sign graphi :
------ e Qe Fr b

x
BRI N I By I e i T 2500 2 S 2 T I R s iy
. ) e S | i
: x=B Toizw- I O+ + + + 4+ 4
. i o] 3
: XFl "o m = — + 4+ 4+ + '+
' -1 | i
Products AA LA R . BESS GREES R
lp -1 0 3

L
LA 8

. P(x)> 0 for x<-% or -1 < x <0 or x> 3
B(x) £ 0 for 4<x<-1 or 0<x< 3
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A‘\ I, For cach of the following dotorminet
" (o) tho zorosy  (b) x such that P(x) > 05  (¢) x such that F(x) < 0
(a) domain; (o) range; (£) graph (g) tho Y-intercopt

L P(x) @ G+ DGx - D(x=3) 20 Bx) = x(x = 1)(x - 2)(x = 3)
3, P(x) = x(x + 1)(x - 1) 4o P(x)= (x = 1)(x - 2)(x - 3)
5 B(x) e (x - 2)(x-3)% 6. B(x) = x' - 2x% - 8

. II. Without graphing d-torminc: (a) the zcros; (b) x such that P(x) > 0;
: . ' (c) x such that P(x) < 0O

L P(x) =%t =26 2, P(x) = x(x = 5)(x + 2)

3. P(x) = e 6x + 9 , Y4, P(x) = e 7% + 12

5, P(x) = x> - 5x2 'i—‘6X' 6, P(x) = x = 7 ‘
~SECTION IV ~ EVALUATTION

1. Rovicew the 3chavioral ijectivcs.
2 Toke the Teial Run %
3¢ Teke tho Test

ANSYERSY

IXERCISE 1

Ay 1, ..31 2e 63 ~In30r—Wi G

3,331 2. 4 3¢50 4, 03 5, no degroe

€. 1, Px) = al}xu' + a.3x3 + a‘?'x2 +oyx + 8
© 2, P(x) = §6§(6 - n5x5 + auxu -i-.an3 +.o.2x2 + élx +ag L P(x) ~ 8yx
L, P(x)i - a,3x3 + a2x2 + ayx + o 5. P(x) = azxz + z:.lx + 2,
D, 3end b
Ao L4732, =1y B, 1: 273 2, =151 Cs 1o 58 2, =7.9257

DO l..-587 20 —2



EXERCISE 3

X §h 45 2 21, 2, 9% 3. 32, 3% 44072, 54

5. ¢ 5, :2127‘1:3—_3_? 5.8, 2, 3, 43 v, Se i3t Bz o)
9 §-1, -2, 33 10,41, -3, -53 u, f-2.'2] 1z 2}

EXERCISE 4

P Zerost 30, -1, 1, 3i

P(x) > 0 for x<-1 or 0&x<l orx> 3
s {
\ { j P(x) < 0 for -1£x<0 or 1<x<3
I Domains All reals

Ranget 3yt ¥ 2 6%
Y-intercept:s O

2, Lerom?O 1, 2, 32
P(x) > 0 for x<0 or 1<¢x<2 or x; 3
P(x) < 0 for 0 <x<l or 2¢x<3

Domaint All reels
Ba.nget%yl .. —-2?

Y-intercept: O

3' - :
Zexross t -1, 0, l{'

P(x) > 0 for -l<x<0 orx 21

F(x) € 0 for x<-1 or 0<x<1

Domain and Ranges all reals
Y-intercopts O
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z'oroslél. 2"-32'
P(x)> 0 for 1¢x¢2 or x, 3
P(x) £ 0 for x <1 or 2< x43

Donein and ranges all reals

Y-iiztercopt 1 =6

zeros.s_fz. 33-

ks

P(x) >0 for 2<x<3 or x> 3
P(x) £ 0 for x<2

Donain and rangeiall reals
Y-intexrcopt: -18

| geros: {-—2. 2‘
P(x)' >0 for x'<'-z orx>2

P(x) < 0 for -2<x<2
' Y-intorcaptx —8 e

e ey * 4 e .

i .
: II' . 3 .
- 34 ZO"‘:)Bl {2, —2?: P(x) > 0 for x<-2 or x>2;

¥ 4

P(x) < 0 :or -2<x<2

z - < 0 p i - <0 or. z <0 for <'~2 or
2. oroel{O, 2, 55 =(x) > or ~2<x f)r ,c>5x r(x) or X e
R Zexoo! 23}.) I(x) > 0 for x<3 or x >33 P(x) < 0 for no x,
Y %3, P(x) >0 for x<3 or x>y P(x)( 0 foxr 3<x<y -

P(x) > 0 for 0<x<2 or x> 3; P(x) < Ozor x<0 ox 2<4x<3
P(x) <0 for x <7

8. Zoxons 1,0 3, ?1’
é Zorost ;?} P(x) > 0 for x>7
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ALGE3iRA II POLY.*0 \IAL FUNCTIONS
TRIAL RUN
i. "Dofino
Y. The Facter Thoorem
2. The Zers Of A Function
II.. -Evaluato the followi'ng polynamialss
1.' P(x) = x5 -4x3 4+5x -2 —=> P(2)‘=‘
2. P(x)_ L x3—- 5x° + B = P(-2) = .
3. Plx) = x*-5x¥4ex -2 => P(e1) = s
I1I.  Factor and find.the zapos of the foliowing:p_b.&srnc;mial fuoctigﬁs:'
1. x4 +7x3 - x2 . X - 6 T {vg, WSO ;x?'-% é3x.- 39
- S 7}3 - $9x %30 . : 5. 4x3 +,xz'-~l6>c'-»_l4
3. x3 - ox2 - ax+ 96 | :
.For oach, of the following -d;termine-: .

e P) = o

3. Plx) = {

A Py =

a) the zeros, _ b) where P(x)> 0, -. €)° where P(x)< 0,
d) -the-domain, e) 'the’Rangea X f) and the graph

-4)0n + 1) (x-~ 3)

b

i

(x +5)(x - 2)(x - l)(x.+ 2)
kA (x— 3Y¥(x = 2)
+.2)(x-= 2) (»x'+ 1)

5. P(x) = . (x2 = 4)(x2 -~ 1)

2, 9

X

X
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TRIAL RUN ANSWERS POLYNOMIALS FUNCTIONS
: R 1., Tho factor thaorcms Tha polynomial p 18 divisible by (x = 8)

4f and only if P(a) = 0.

2. . The zoroes of a function are those members “x" in the domain of
f for which £(x) = O. :

II. Y8
. 20 '?20 :
g 30 f4 '
11, 1.§-1,2¢ R LRI WITBeT  BOL I TN .
¢ ' » ' b) P(x)> 0 -1<x<4, x> 5
2. (2,5,-72 ; : - cg- P(x)< 0> x<=1y 44<x<9
. 2 . -2 @y Dy R % : -
3. §=3, 4, 8f - 4 %5 pe) Rs Re ,
4. §2,7=3 : |
‘- } 5 2, a) -5,2,1,-2
5, {-2, % ot : b) P(x)>0= x<=5 2¢x <],
: : - _ x> 2 ;
¢) P(x)<o0= -5<x< =2,
' 1¢<x<2

-.4),. . Pr , Re

e) Rt (=891,
5 co) ‘
3. 8)- ’1, 3, 2 fe?
.. b).PEx). > 0 »-1¢x<2, x>3
c) P(x)<O0= x <=1, 2<x<3
- d4):Ps RE

e) R:i Re

4. a) -7,-1, 2 >
p) P(x)>0 2 -7<x<-1y x> 2
¢) P(x)<0> x<-7, =1C(x<2
d) Di Re
e) R: Re

V5. B) 2”'2, 1, "1

b) P(x)> 0 v x <=2y - -1<xy
’ . )’ 4

: x32 .
¢) P(x)<0 = *2<x<-1,
P 1<x <2
d; Di Re
e R: [=33

16 °? °—“))

Trhis is an approxima-
tion ]}
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